Abstract. The purpose of this paper is to present some theorems on existence and uniqueness of solution for nonautonomous second order Cauchy problem with a dumping operator and with dependent on t not densely defined operators.
Introduction
Let (X, ||·||) be a Banach space and let (A(t)) t∈[0,T ] , (B(t)) t∈[0,T ] be two families of linear not densely defined closed operators from X to X with domains dependent on t. We endow the space C(X) of closed linear operators A : X → X with the topology of generalized convergence (see [5] , Ch. IV). The domain of a given operator A : X → Y is denoted by D(A). The space of bounded linear operators A : X → X is denoted by B(X), and Aut(X) is the subspace of B(X) of bijective linear bounded operators with bounded inverses. We consider the following second order evolution problem
where f : [0, T ] × X × X → X is a given function. The problem of the form (1)-(2) arise in mathematical physics. The study of the cases in which operators A and B are independent of t and are densely defined can be found in [2] . In the paper [11] this problem has studied with reference to two different cases: (a) the operators A(t) = A and B(t) = B are independent of t, D(B) ⊆ D(A) and D(A) = X, (b) A(t) and B(t) depend on t, the domain D(B(t)) = D B is independent of t,
The present paper expands on the study in [11] to the case when:
1) operators A and B are dependent on t, 2) domains D(A(t)), D(B(t)) of operators A(t) and B(t), respectively are dependent on t and are not dense in space X.
In such a case it cannot be expected that the classical solution exists. The main goal of this paper is to present a construction of a new problem in an adequate space in which previously known theorems can be used.
A function u is said to be a classical solution of problem (1)- (2) if
We note that if D A t and D B t depend on t problem (1)-(2) has usually no classical solutions. To define a generalized solution we will construct an extended problem in which domains are independent of t.
Construction of extended problem
Since now, for a given two families A(t), B(t) : X → X of linear operators, we make the following assumptions (Z 1 )-(Z 6 ):
) the resolvent sets of A(t) and B(t) are independent of t, i.e.
̺(A(t)) = ̺(A), ̺(B(t)) = ̺(B)
and 0 ∈ ̺(A) ∩ ̺(B), Second order evolution problem
ed and the mappings
are of class C 1 , (Z 5 ) (B(t)) t∈[0,T ] is a stable family, i.e. there exists M ≥ 1 and ω ∈ R such that
is continuous.
Remark 2. By ( [12] , Theorem 7 and [5], Ch. 4 ), it follows from (Z 3 ) and
are continuous, (c) the norms
The completion X B −1 of the space (X, |·| 0 ) to a Banach space is called the extrapolation space for B(0). Since norms (7) 
By the Hille-Yosida theorem, A generates a C 0 -semigroup if and only if it is a densely defined operator.
Remark 3. Since, by (Z 5 ), B(0) is a Hille-Yosida operator, the space Y B (defined in (Z 2 )) is dense in X B −1 (cf. [7] , Theorem 3.1.10).
is an isomorphism of normed spaces.
Proof. Since, for each t ∈ [0, T ],
t , the operator (9) is bounded. The inverse operator B −1 (t) : X B −1 ⊃ X → X is bounded, because, by definition, ||B −1 (0)x|| = |x| 0 for x ∈ D B t ⊂ X and all norms (7) are equivalent. Now, by Lemma 1, B(t) can be uniquely extended to Y B and we can define
to be the extension of B(t) onto Y B considered as a subspace of X B −1 . We can also uniquely extend B −1 (t) to X B −1 and define B is bounded. Indeed, for x ∈ D A t we have (by Banach-Steinhaus theorem) (13)
Hence the closure A(t) of A(t) (considered as in (12)) is well-defined on
to be A(t) with the domain Y A considered as a subspace of X B −1 . Lemma 2. The family 
are isomorphisms of a normed spaces. Then
as a composition of two isomorphisms is an isomorphism too. Since the extensions of bounded operators with dense domains are unique, A −1 (t) :
is also an isomorphism. Hence and by (7) A
Proof. Using (8) we have
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Hence |A −1 (t)x| 0 ≤ a |B −1 (t)x| 0 for x ∈ Y B , because operators (9) and (12) are bounded.
Now problem (1)- (2) comes down to the following problem
is an extension of f and the families (A −1 (t)) t∈[0,T ]) and (B −1 (t)) t∈[0,T ]) have "better properties":
is a generator of a C 0 semigroup (cf. [7] , Theorem 3.1.11), (v) the family (B −1 (t)) t∈[0,T ] is a stable family of generators of C 0 semigroups (cf. [9] , Theorem 5). Lemma 4. For any x ∈ Y A , the mapping
is of class C 1 . 
Proof. Let x ∈ Y
B −1 (0)H is the derivative of the mapping (19). Thus, the lemma is proved, because B −1 (0) as an operator from Y B to X B −1 is bounded and because of the assumption (Z 4 ). Proof. Since 
−1 is continuous, (iv) u satisfies conditions (17), (18). We have, thus, proved that u ∈ C 1 ([0, T ], X).
But

